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A former conjecture of Burr and Rosta (1], extending a conjecture of Erdds [2], asserted
that in any two-colouring of the edges of a large complete graph, the proportion of subgraphs
isomorphic to a fixed graph G which are monochromatic is at least the proportion found in a
random colouring. It is now known that the conjecture fails for some graphs G, including G=K)p
for p>4.

We investigate for which graphs G the conjecture holds. Our main result is that the
conjecture fails if G contains K4 as a subgraph, and in particular it fails for almost all graphs.

1. Introduction

One of the most natural extremal graph theory questions which can be asked
about a graph G is how many subgraphs isomorphic to G must be contained in
every graph H of a specified order and size. This question has been studied in
general for graphs and hypergraphs G by Erdés and Simonovits [4], though there
is a substantial amount of earlier work.

The analogous and equally natural Ramsey theory question is how many
monochromatic subgraphs isomorphic to G must be contained in any two-colouring
of the edges of the complete graph K,,. It is this question that we shall be concerned
with in this paper. Erdds [2] conjectured that for complete graphs (7, random
colourings will yield essentially the minimum number of monochromatic copies of
G. The conjecture was proved by Goodman {7] for G = K3, a better proof being
given by Lorden [9]. Erdds’ conjecture was extended to cover all graphs by Burr and
Rosta [1]; we state this conjecture precisely in Section 3. The conjecture has been
verified for certain graphs, in particular for cycles by Sidorenko [10], and we shall
discuss this later. However, Sidorenko [10] also showed that the graph consisting
of a triangle with a pendant edge fails to satisfy the Burr—Rosta conjecture, and
Thomason [15] showed that G = K, fails to satisfy Erd8s’ conjecture for p>4. We
shall call graphs which satisfy the Burr—Rosta conjecture common, since they occur
commonly in two-colourings.
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Given that the Burr-Rosta conjecture does not hold for all graphs it is of
interest to determine which graphs are common. The main result of this paper
is that any graph containing Ky is uncommon, and in particular that almost all
graphs are uncommon. As well as proving this result we shall discuss whether other
graphs are common. In this matter the paper takes on more of the nature of a brief
survey, though we make a few new contributions.

It is conjectured that the Burr—Rosta conjecture holds for all bipartite graphs,
and that in this case the problem is not one of Ramsey theory at all but one of
extremal graph theory, as described in the opening paragraph. In other words, it
is conjectured that if G is a bipartite graph then every large graph H contains at
least as many copies of G as does a random graph of the same order and density
as H. This conjecture would imply that every bipartite graph is common. This
fascinating and beautiful conjecture, which is the analogue in extremal graph theory
of the Burr-Rosta conjecture, has been made in its strongest form by Sidorenko [11],
who has also made the most progress towards establishing it. We will discuss this
further in Section 2.

In the light of the bipartite graph conjecture and our result about graphs
containing K it is natural to ask whether there is a relation between the truth of the
Burr-Rosta conjecture and the clique number or chromatic number of G. However,
as we shall show later, there are uncommon triangle-free graphs, so there is no
apparent relationship between commonality and the clique number. Nevertheless,
it seems entirely possible that all 2-chromatic graphs are common and all graphs
with chromatic number at least 4 are uncommon. Examples of both common and
uncommon graphs of chromatic number 3 are known. The class of wheels form an
interesting case. We will show that wheels with an even number of spokes, which
are 3-chromatic graphs, are common. The odd wheels are 4-chromatic graphs, and
apart from the 3-wheel (which is just K4), we do not know the commonality of any
odd wheel.

2. Bipartite Graphs

Let G and H be graphs. A homomorphic copy of G in H is a map f:V(G)—
V(H) such that f(u)f(v) € E(H) whenever uv € E(G). We denote by Hom(G; H)
the number of homomorphic copies of G in H. The following conjecture appears in
Sidorenko [12] and in a much weaker form in Erdés and Simonovits [4]. Essentially
it states that the minimum number of homomorphic copies of G is attained by a
random graph H.

Conjecture 1. Let G be a bipartite graph and let H be a graph of order n and
average degree pn, 0<p<1. Then Hom(G;H) > nlGlpe(G),

Since the number of homomorphic copies of G which are not injective is of order
O(n|G|"1), the conjecture would imply that the number of labelled subgraphs of H
isomorphic to a fixed labelled bipartite graph G is at least nIGlpe(G) +O(n[G’_1).
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The advantage of considering homomorphic images of G is that the conjectured
inequality is devoid of error terms and applies for all values of n, p and |G].

Stated differently, the conjecture says that the probability p(G) of a randomly

chosen map f:V(G) — V(H) being a homomorphic copy of G is at least pe(G).
Sidorenko [13] has constructed a strengthened version of the conjecture, involving
arbitrary weight functions on the vertex set.

The conjecture is true for bipartite graphs G' which are stars (trivially), com-
plete bipartite graphs (essentially due to Erdds and Moon [3]), trees (Sidorenko [11])
and cycles of even length (Sidorenko [12]). An earlier proofl given for trees by
Sidorenko [14] appears to be slightly flawed in its published form. Here we give a
slightly different proof.

Theorem 1. Let T be a tree and let H be a graph of order n and average degree
pn. Then Hom(T; H) > >plTlplTi=1,

Proof. Fix a vertex x of T, and let d be the degree of z. Let zyj,...,xyy be the
edges incident with z, and let T7,...,T; be the subtrees of T such that T, contains
y; and T conmsists of T1,...,T; along with xy1,...,2y4. For each vertex ve V(H) let
t(v) be the number of homomorphic copies f of T in H such that f(z)=wv, and let
t;(v) be the number of of homomorphic copies f; of T; in H such that f;(y;) =v.
Now let T* be the tree obtained from the subtrees T7,...,7; by identifying the
vertices yi,...,yq with a new vertex y, and adding d extra pendant edges to y so
that |T*|=|T|. Denote by t*(v) the number of homomorphic copies f* of T* in H
such that f*(y)=v. For u,v € V(H) let a(u,v)=1if u,v€ E(H) and let a{u,v)=0
otherwise. Then

P 1/d

Z t(v)l/dz Z H Z ti(u)a(u,v)

vEV(H) veV(H) =1 uEV(H)

Z Z Ht 1/d au v)l/d by Hélder’s Inequality
veV(H)uweV(H)i=

Z Ht l/ddH Z t*(’lb)l/d,

uE€V(H)i= uEV(H)

v

I

where dg(u) is the degree of v in H.
Let d* be the degree of y in T*. Then, d* >d, so by Jensen’s Inequality,

d d dr
1

- S ) > 1 S Ve > 1 S

veV (H) " Vi) " eV (H)

By repeating the process which converts T to T* we can transform T to a star S
with a root vertex z of degree |T|—1. Let s(v) be the number of homomorphic
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copies of S rooted at ve V(H); thus s(v) =dg (v)TI=1. Therefore

d
Hom(T; H) = Z tv) > n 1 Z t(v) /4
veV(H) " eV (H)
dr IT]-1
1 .V 1 1/(IT]~1)
>n —T; Z >.-.>n - Z s(v) |
eV(H vEV(H)
1T]-1
1
=n|— > dn(v) > n(pn) 717,
eV(H)
as claimed. |

Sidorenko [13] showed that Conjecture 1 is true for bipartite graphs with at
most four vertices in one of its vertex classes. He also showed the following. Let
G and G35 be two bipartite graphs. Let F be an independent set in (G1 and let
a€V(G1)\F. Suppose that one of the vertex classes of G has at most k elements.
Form the graph G by taking k copies of G, identified in the vertices of F, and
identifying one of the vertex classes of G2 with some of the copies of the vertex a.
Sidorenko [13] showed that if G1 and Gy satisfy his stronger conjecture, so does G.
This implies in particular that Conjecture 1 is satisfied by trees, even cycles and
complete bipartite graphs.

Here we demonstrate a variant of this result in which F need not be an
independent set but may span at most one edge. {We thank the referee for pointing
out that the same proof would work when F' contains only independent edges.)

Theorem 2. Let G be a graph satisfying Conjecture 1. Let F' be a subgraph of G
containing at most one edge. Let G* be the graph obtained from k disjoint copies
of G by identifying the k copies of F. Then G* satisfies Conjecture 1.

Proof. Let H be a graph of order n and average degree pn. Let & be the set
of homomorphic copies of F' in H. If F contains exactly one edge then |¥| =

n.pnnlF172 = pnlFl  and otherwise |F| = nlFl; in both cases |F| = nlFlpelF), For
each f € %, let d(f) be the number of homomorphic copies of G in H whose
restriction to V(F) is f. Let d be the average value of d(f) over f€%; then

4| = 3" d(f) = Hom(G; H) > nlClp=(4),
fegF
It follows that

Hom(G* H) = >_ d(f)* > |9|d"
feF
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> ‘gll—knk|Glpke(G)
— nk]G[~}c[FH[F[pke(G)—ke(F)-l—e(F)

(G™)

3

- an*lpe
as claimed. |

We can extend the discussion in this section to cover r-uniform r-partite
hypergraphs. If G and H are r-uniform hypergraphs, a homomorphic copy of G
in H is defined to be a map f: V(@) — V(H) such that f(e) € E(H) whenever
e€ F(G). Sidorenko [12] showed that the natural extension of Conjecture 1 to all
r-partite r-uniform hypergraphs is false for » > 3. However he does prove it for r-
trees. The class of r-trees is defined recursively; a single (hyper) edge is an r-tree,
and a graph obtained from an r-tree by adding a new edge and identifying some of
the new vertices with a subset of an existing edge is also an r-tree.

Theorem 3. (Sidorenko [11]) Let H be an r-uniform hypergraph with pn” /r! edges
and let G be an r-tree. Then Hom(G; H) >nlClpe(@).

We shall make use of this theorem in the next section.

3. Ramsey Multiplicities

Given a graph H of order n we may associate with H a colouring of the
complete graph K, on the vertex set V{(H), wherein the edges of K, which are in

H are coloured red and those which are in the complementary graph H are coloured
blue. Now let G be a graph. A monochromatic copy of G in H is an injective map
g:V{(G) — V(H) such that either g(u)g(v) € E(H) whenever uv € E(G) (these are

the red copies of G), or g(u)g(v) € E(H) whenever uwv € E(G) (these are the blue
copies of ). Note that the red copies of G in H are homomorphic copies of G in
H in the sense of the previous section, though the converse is false since here we
are requiring that g be injective. Note also that we are in effect counting labelled
copies of G in H. For example, if G =K3 then each set of three vertices forming a
triangle in H (which we call an unlabelled triangle) will give rise to six red copies
of Gin H.

We denote by R(G;H) the set of red copies of G in H, and by B(G;H) the

set of blue copies; of course, B(G;H) = R(G;H). I G has at least one edge
then R(G;H)NB(G;H) = 0 but if E(G) = 0 then R(G;H) = B(G;H). Note
that |R(G; H)| = Hom(G; H)(1+ 0(1)), the o(1) term indicating a term which is
small when |H| is large. We further denote by ¢(G; H) the proportion of labelled
subgraphs of H isomorphic to G which are monochromatic; that is,

o(G; H) = (R(G; H)| + |B(G; H))) /n(n — 1)...(n — |G| + 1),

We then define ¢(G;n) to be the minimum of ¢(G;H) over all graphs H of order
n. It is not difficult to show that ¢(G;n) is an increasing function of n which is
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bounded above by two. Therefore ¢{G;n) tends to a limit as n— oo, and we denote
this limit by ¢(G).

The average value of ¢(G;H) over all graphs H is 217¢(%). It follows that
(@) <21-¢(G) We shall call a graph common if c(G) =21~ 1f (@) <21-€(G)
then there must be colourings in which monochromatic copies of G are less frequent
than on average, and we call such graphs G uncommon. The question of whether
a graph G is common or uncommon we shall call the question of the commonality
of G.

It was conjectured by Erd6s [2] that complete graphs K, are common; the

truth of this conjecture for p <3 follows from Goodman’s theorem [7]. Burr and
Rosta [1] extended the conjecture to cover all graphs. However, Sidorenko [10]
disproved Burr and Rosta’s conjecture by showing that a triangle with a pendant
edge is uncommon. Moreover, Thomason [15] showed that K is uncommon for
p>4, so even the conjecture of Erdés fails to hold.

It is therefore interesting to investigate which graphs are common and which
are uncommon. The first thing to notice is that the truth of Conjecture 1 would
imply that every bipartite graph is common. For, let G be a graph satisfying the
conjecture, and let (Hy,) be a sequence of graphs. satisfying c(G; Hy) = ¢(G;n).
If H, has order n and average degree ppn, then Hom{G;Hy) > n|G|p%(G) and
Hom(G; H,) > n|Gqub(G)
Therefore

, where H is the complement of H and ppn+gun=n—1.

o(Gsm) > (D 4 2N (1 + o(1)) = 274D (1 + 0(1)),

so G is common. Consequently we know that trees, even cycles and complete
bipartite graphs are common. We are aware of no bipartite graphs which are known
to be common for which Conjecture 1 has not also been verified.

From now on we consider only non-bipartite graphs. The simplest such graphs,
namely the odd cycles, were shown to be common by Sidorenko [10] using an elegant
argument. The next simplest cases consist of odd cycles plus one extra edge. The
edge can be added either as a chord or as a pendant edge. We are at present unable
to resolve the status of odd cycles with chords; even the commonality of a pentagon
with a chord is unknown. However, odd cycles with pendant edges are known to
be uncommon. In fact, any odd cycle to which pendant trees have been attached is
uncommon. Moreover, a similar phenomenon pertains to any non-bipartite graph;
the result of adding pendant trees produces an uncommon graph, at least provided
that the trees are sufficiently large. (By the phrase ‘the graph G is formed by adding
a pendant tree T to the graph F’, we mean that T is a tree with [V(T)NV(F)|=1
and G is the union of F and T.)

Theorem 4. Let m>3. Then there exists a number to=1{p(m) such that if F' is any
non-bipartite graph of size m, and if G is any graph obtained from F' by adding
pendant trees whose sizes total at least iy, then G is uncommon.



MULTIPLICITIES OF SUBGRAPHS 129

Proof. We shall show that to(m) = [4™mlog2] will work. Let G be formed from
F by adding pendant trees of total size t >tg. Consider a sequence (Hy) of graphs

of order n with n even, where H, is the disjoint union of two random graphs H}L

and H? each of order n/2. The edges in H. and H? will be chosen independently
at random with probability p=1—gq, where g=(m/t)log2. Note that

(1) 1I-g™t<(1-qf<e®=2"m
Moreover, g<(m/tp)log2<4™™, so

(2) (1+q)lg<ellqg<comg™ =2™™,

Let us estimate the expectation E(|R(G; Hn)|+|B(G; Hyp)|). Clearly
E(|R(G; Hy)|) < 2(n/2)!01(1 = )*(®) = 2(n/2)lF1*t(1 — gy,

To estimate | B(G; Hy)|, observe that there are 2lF| ways to partition the vertices of
F into two parts. Since F is not bipartite, for every one of these partitions at least
one of the two parts spans an edge. Therefore, for a given partition, the expected

number of copies of F in H, in which the vertices of one part lie in V() and the

vertices of the other lie in V(H2), is at most (n/2)/Flq. Summing over all partitions
of V(F), we obtain

E(|B(G; H))) < 2F1(n/2)Flq [(1 + q)(n/2)] = 21 F(n/2) FI+ (1 + g)tq.

Now, by (1) and (2), we obtain

B(R(G; )|+ |B(G; Hy)l) < nl1# [p11F1mtom g gmtom] < B piPlstgiocom,

Therefore there is a sequence of graphs (Hy) with ¢(G; Hy) < (3/4)217¢(%), Thus
(@) <21¢(%) and so G is uncommon. |

Remark. Clearly the estimated bound on the number of edges in the trees added
to F' to form G is very crude, and can be reduced greatly for any given graph F'
whose structure is known. In particular, if F is an odd cycle a slightly more careful
argument shows that G need only have one more edge than F'.

Remark. Note that if ¢ and g are suitably chosen in the proof of Theorem 4 we can
obtain graphs G for which the value of ¢(G)/2!17¢(%) is arbitrarily small.

So far we have only been considering the commonality of connected graphs,
and it is not really worth considering unconnected graphs. Whilst it is clear that
there are common graphs whose vertex disjoint union is common, it is also possible
to find two common graphs whose vertex disjoint union is uncommon. For example,
the graphs in Theorem 4 show that the graph consisting of a triangle and an edge
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1s in fact uncommon. If we take the union of a common graph with an uncommon
one, the result may be uncommon (the union of a tree and a triangle with a pendant
edge is shown uncommon by the colourings used in the proof of Theorem 4), but
at present we cannot decide whether the result is always uncommon. Nor can we
decide whether the disjoint union of two uncommon graphs is always uncommon. If
we merely consider edge disjoint unions of graphs then the result may be common
or uncommon.

The following theorem is analogous to Theorem 2 and its proof is very similar.

Theorem 5. Let G be a common graph. Let F be a subgraph of G containing
at most one edge. Let G* be the graph obtained from k disjoint copies of G by
identifying the k copies of F. Then G* is common.

Proof. Let (Hp) be a sequence of graphs with |Hyp| =n. Let ¥, = R(F;Hp)U
B(F;Hp) be the set of monochromatic copies of F' in Hy. For each f €%y, let 7(f)
be the number of red copies g € R(G; Hy) of G in Hy, whose restriction to V(F) is
/- Let b(f) be defined similarly by the blue copies of G. Note that if e{F'}=1 then
either 7(f)=0 or b(f) =0, since the colour of any copy of G will be determined by
the colour of the edge of F. Let dp, denote the average value of r(f)+b(f) over
feF,. Then

) Fn| = > r(F)+b(f) = o(G; Hp)n(n—1)...(n—|G|+1) > 2! Dl (140(1)).
fegﬂ,

Observe that r(f)k+b(f)% = (r(f)+b(f)* if e(F) =1, and 7(£)*4+b(f)* > 2((+(f)+
b(f))/2)" if e(F)=0. It follows that

(G Hn)n(n —1)...(n = |G*| = 1) = > (r(£)F +6(H)F)(1 +0(1))
fefn
_etr) () BN
f€Fn
> 2(elO)=Dk-1|g, 135 (1 + o(1))
> 2(6(F)—1)(k—1)Ignll——k2k—ke(G)nk[G|(1 +0(1))

— 21-e(G)IG* (1 1 o(1)).

Therefore c{G*) ZQI_C(G*), and so G* is common. B

The reason we can prove Theorem 5 {(and for that matter Theorem 2} easily is
that when e(F) <1 the number of copies of F is independent of the structure of the
underlying graph H. Clearly if e(F') >2 the number of copies of F will depend on
the colouring. Nevertheless we can still hope to obtain a result similar to Theorem 5
if we have a lower bound on the number of monochromatic copies of G in terms
of the number of copies of F. In particular, Lorden’s proof of Goodman’s theorem
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gives such a bound when G is a triangle and F' is a path of length two. Theorem 3
enables us to extend this to certain cases wherein G is a tree made up of triangles.

A triangular-vertez-tree is defined recursively; a single triangle is a triangular-
vertex-tree, and any graph cbtained by identifying a single vertex of a new triangle
with a vertex of a triangular-vertex-tree will itself be a triangular-vertex-tree.
Similarly, a single triangle is a triangular-edge-tree, and any graph obtained by
identifying a single edge of a new triangle with an edge of a triangular-edge-tree
will itself be a triangular-edge-tree.

The following argument is due to Sidorenko [11].

Theorem 6. (Sidorenko [11]) Let H be a graph of order n and let A be the number
of labelled monochromatic triangles in the colouring associated with H. Let T'v be
a triangular-vertex-tree and Te be a triangular-edge-tree. Then

e(Tv)/3
) (1+0(1)),

2n3

{e(Te)—1)/2
Tv;H) > 2 ( A)

(1+0(1)) and c(Te; H) > (;§

where o(1) indicates a term which is small when n is large.

Proof. Let r=|R(K3;H)|/n(n—1)(n—2) and b=|B(K3; H)|/n{n —1)(n—2); thus
r+b=An"3(1+0(1)). Let H; be the 3-uniform hypergraph of order n whose edges
correspond to the red triangles, let Hy be the analogous hypergraph formed by the
blue triangles, and let H3=HjUHj;. To each of Tv and Te we may associate the

obvious 3-trees T'w3 and Te3. By applying Theorem 3 to each of Hy, Hy and Hjs
we obtaln

o(Tv; H) = [Hom(Tw3; Hy) + Hom(Tw3; Hy)| n~TV(1 + 6(1))
> |:T6(T’U3) + bE(T’U?))] n|Tv31n—|Tv|(1 +0o(1))

> 9 ((7’ + b)/Q)e(TU?’) (1 + 0(1)) -9 (A/Qng)e(Tv)/B

(1+0(1)).

Since no edge of H) has two vertices in common with an edge of Ho, it follows that
any copy of Te3 in H3 corresponds to a copy either in Hy or in He. Therefore

¢(Te; H) = Hom{Te3; Hz)n~ITel(1 + o{1))

Te
> (An_3>e( ¥ n]TE?’}n_|Te|(1 +0(1))

Te)—1}/2
— (An_3)(e( e) )/ <1+0(1))7
as claimed. |

Goodman’s theorem 7] implies that triangles are common, so in Theorem 6

the lower bound An=3 > 1/4 can be substituted. Consequently all triangular-
vertex-trees and triangular-edge-trees are common. We are unable to say in general
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whether other tree-like structures formed from triangles are common. Even the
commonality of the graph of order seven, formed from three triangles by joining two
along an edge with the third sharing a vertex with one of the other two, is undecided.
Sidorenko [11] proves in a similar way a more general version of Theorem 6, that
tree-like structures formed from k-cycles joined at edges are common.

To apply Theorem 6 in other situations we need the following observation, used
by Lorden [9] in his proof of Goodman’s theorem.

Lemma 7. Let A denote the number of labelled monochromatic triangles and P,
the set of labelled monochromatic paths of length two in some two-colouring of the
edges of the complete graph of order n. Then

2A = 3|Pp| — n(n —-1)(n — 2).

Proof. Each unlabelled path of length two lies in a unique unlabelled triangle. The
A /6 monochromatic triangles each contain three unlabelled monochromatic paths,

the () —A/6 others contain one monochromatic path. Therefore |Py|/2=3A/6+
(5) -4/6. "

The k-wheel W, is the graph formed from a cycle of length k by adding a new
vertex (the hub) and joining it to all other vertices. We can regard an even wheel
Wy, as the union of two k-fans sharing a path of length two; this path consists of
the hub and edges joining it to two diametrically opposite vertices of the 2k-cycle.
The two k-fans are triangle-edge-trees each formed from k triangles and are said to
rest on the common path. Note that Wy, has 2k +1 vertices and 4k edges, whilst
the k-fan has k+2 vertices and 2k+1 edges.

Theorem 8. The even wheel Wy, is common for k> 2.

Proof. We mentioned that a wheel can be regarded as the union of two k-fans F},
whose intersection is a path of length two. Let (H,) be a sequence of graphs such
that |Hnpl=n and ¢(W; Hp)=c{W;n), where W=Ws. Let Ps be a path of length
two and let P, = R(Py; Hp,)UB(Py; Hy). Moreover let py, = |Pp|n 3. Denoting by
(d;)7-1 the degree sequence of Hy, we observe that

[Pal =3 [d7 + (n = di)?] (14 0(1)) = n2/2(1 + 0(1)),

i=1

so that 1/2 < pp(1+0(1)) < 1. Let A, denote the number of monochromatic.
triangles; by Lemma 7 we have

28, 3(1 + 0(1)) = (3|Puln ™3 - 1)(1 + o(1)) = (3pn — (1 + 0(1)).

For each P €%y, let d(P) be the number of labelled monochromatic k-fans resting on
P, and let d denote the average value of d(P) over P € Py. Therefore d=|®,|/|Pnl,
where ®,, denotes the set of monochromatic k-fans. Then by Theorem 6,

d =|®n|/\Pn] > (Ann 3 T21Py "L (140(1)) = pp ! (3pn—1) 27 *F 7 (140(1)).
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Therefore we have, by Lemma 7, that

c(W:n)n(n —1)...(n — 2k) Z d(P)%(1 + o(1))
pe?,

2 |Pnld®(1 + 0(1))
We may now conclude that ¢(W) is bounded below by the minimum value of the

function 2728p~1(3p —1)2* for p in the range 1/2 < p < 1. It is easily checked
that this minimum is attained when p=1/2, giving the bound c(W) > 2174 as

required. |

Arguments analogous to those in the proof of Theorem & can be used to
demonstrate that various other graphs are common (for details see Jagger [8]).

Note that the odd wheels, Wy 1, which are not covered by Theorem 8, have
chromatic number four. We know of no graphs with chromatic number more than
three which are common. Indeed, W3 = K4 is uncommon, and we shall show that
every graph containing K4 is uncommon. We regard the determination of the
commonality of W5 as the most interesting open problem in the area.

4. Graphs containing Ky

As remarked earlier, the graph K4 is uncommon. Colourings demonstrating
this fact were found by Thomason [15]. They consist of taking a certain fixed graph
J and letting H, be the m-fold cover of J whenever n is a multiple of |J]. The
m-fold cover moJ of J, where V(J) I{U17-~~,U|J[}, is the graph consisting of m|J|
vertices partitioned into |J| classes V1,...,Vj;| each of size m. The edges of moJ
are all those pairs zy such that z€V;, yeV; and vv; € E(J), 1<i<j <|J].

It is easy to calculate the properties which J needs to have in order that the
colourings moJ will show that Ky is uncommon. The graphs used in [15], denoted
Ty, were constructed from finite geometries and will be described below; these are

the graphs we will use to show that any graph containing a K4 is uncommon. Once
it is realised that m-fold covers yield good colourings it is possible to use simpler

graphs than 7. One simple example is mentioned in [15]. A still simpler example
k p

is described by Franek and Rédl [5]. However, to show that Kj is uncommon for
P> 5 it is necessary to have a sequence of sultable graphs J whose orders tend to

infinity, and the only known sequence for this case consists of the graphs T, .

The analysis of the graphs T, in [15] is rather opaque and reflects the process

by which the associated colourings were discovered. It is possible to extend that
analysis to investigate the number of monochromatic copies of non-complete graphs
G, but the calculations become almost impenetrable.
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This situation was transformed when the second author of this paper made an
entirely new analysis. He considered the graphs moT}~ directly rather than working
with T itself, and showed that the required calculation is essentially one of Fourier

analysis. In this manner it is possible to give a far more elegant and transparent
proof that K is uncommon for p>4, and the proof easily extends to all graphs G
which contain K4. We shall now give that proof.

Let J be a graph with vertex set {v1,...,vy}, and let ¢: V(J)xV(J) —»{-1,1}
be defined by %(v;,v;) = —1 if vv; € E(J) and 9¥(v;,v;) =1 otherwise (note that
P(vs,v;)=1 for all v;). Let H be the m-fold cover moJ. We define a corresponding
function ¢:V(H) x V(H)—{~1,1} by @(x,y):zp(vi,vj) if z€V; and y€V;. Note
that P(z,y)=—1if zyc E(H) and ¢(x,y)=1 otherwise.

Let G be a fixed graph with vertex set {1,2,...,p}. Consider the expression

(3) ooy I[I a+d@iz)+ I Q-d@iz)

ze€V(H) zpeV(H) [1jeE(G) z]EE(G)

When z1,...,zp are distinct vertices of H, the first product will be zero unless

these vertices span a subgraph isomorphic to G in the complementary graph H,
and the second product will likewise be zero unless the vertices span a copy of G

in H. Products which are not zero are equal to 2¢(G)| Tt follows that the whole
expression (3) is equal to
(4) 2¢(G) (G H)n(n = 1)...(n — p+ 1) + O(nP™ 1),

where n=|H|=m/|J|.
Given that H is the m-fold cover of J it is clear that expression (3) is equal to

G mr > Y T a+vz)+ I -

z1€V(J)  =zpeV(J) LijeE(G) z]EE‘(G)

If we expand one of the products in expression (5) we get 2¢(G) terms, one for each
spanning subgraph F of G. The term corresponding to F' will be either doubled or
cancelled by the corresponding term from the other product, according to whether
e(F) is even or odd. We therefore define

1
21€V(J)  zmpeV(J)jeE(F)

In terms of this definition expression (4) can be written as 2(m|J|)P >~ W(J;F),
FCaG

where the sum is over F with an even number of edges. Since n=m|J| we deduce
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from (4) and (5) that

oGy H) = 21749 (14 0(1)) Y W(J; F),
FCG

the o(1) term implying m — oo but J fixed. We summarize the above discussion in
the following lemma.

Lemma 9. Let G and J be graphs, and for each spanning subgraph F C G, let
W(J; F) be defined as above. Then

o(G) < 2! N (i ),
FCG

the sum being over all spanning subgraphs of G with an even number of edges.

Clearly, then, to show that a graph G is uncommon it is enough to find a graph

J such that )  W(J;F) is less than one. Note that U(J; F)=1 if F has no edges.
FCa

Let k>1 be an integer, and let V be a 2k-dimensional vector space over GF(2)
with a specified basis. We define a quadratic form g on V by

q(z) = q((€1,. .. &ok)) = L+ E3 + E160 + €364 + .- + Eop_ 160k

(This is the quadratic form of minimal Witt index.) The equation (z,y) = g(z+
y) +q{z) +q(y) defines an inner product on V; its formula in terms of coordinates
is given by

(€1 €ak)s M1y -+ k) = E1m2 + Eom +E3ma + Eama + -+« .+ Eop— 1Mok + EokT2—1.-

The orthogonal tower graph T}~ has vertex set V, and zy € B(T7) if g(z+y)=1.
The order of this graph is therefore |V|=2%*. For any z € V the map T — I +2z
defines an automorphism of the graph T, which is therefore vertex transitive. The

degree of each vertex is equal to the number of x €V with g(z)=1. This number
can be calculated quite easily (by algebraic or combinatorial methods according to
taste), and equals 22k=14 9k=1 " A more detailed description of the structure of T
is given in [15].

We now define the complex valued function ¢ on V by ¢(z) = (~1)7®),
Of course, here we are interpreting g as taking values in the complex numbers

rather than GF(2). Clearly, if we take J to be T, in our earlier discussion then
U(z,y)=p(z+y), so

(T3 F) JVIPZ Y ] ela+x).

z1€V  zpeV ijeE(F)



136 CHRIS JAGGER, PAVEL STOVICEK, ANDREW THOMASON

By our earlier calculation of the degrees in T}, we have
L 2%k—1 | ok—1 2%—1 _ ok—1 ~k
— E E —(2 2 2 — = -27"%
V] 4 o(x) [V| + )+ ( 274 2

Furthermore, the inner product (z,y) is non-singular, so for £ #0 there are exactly
|V']/2 values of y for which (x,y)=0. Therefore

Z IV|2 Z I = (_2_k)2-

z,yeV yev

It turns out that W(T, ;F) has a simple formulation in terms of the sum

|V|~1 3" @(z). This sum can be regarded as the Fourier transform ¢ of ¢ evaluated
x

at zero, and the calculation of \Il(Tk_ : F') can be phrased in these terms. However
we shall adopt a basic approach and shall perform all calculations explicitly.

Lemma 10. Let r=r(F) be the rank of the p x p matrix M = M(F) over GF(2)
defined by m;j=mj;=1ifi#j and ij € E(F), my; =m;;=0 if i#j and ij¢ E(F),
and my; Is chosen so that the row sums are zero. Then

W F) = (-1)727%.

Proof. For 1 <i< j<p we define E;; to be the p X p matrix with four entries,
namely the 71, 77, ji, and jj entries, equal to one and the other entries equal to
zero. Observe that M(F)= >  E;;. By standard arguments from the theory
ijEE(F)

of bilinear forms we know there exists a non-singular p x p matrix C over GF(2)
such that the matrix C*MC is nearly diagonal. To be precise, for some integer s,
0<s5<7/2, we have C!MC=N = (nij), where no;_1 2;=na;2-1=1for 1<i<s,
ni;=1 for 25 +1<7<r and all other entries of N are equal to zero. (In fact it can
be further specified that s=0 or s=r/2.)

We wish to evaluate
1
(Tk ’F) ,V|p Z H -'Ez+.’17‘]
Z1,y..,2pEV ijEE(F)

> gqlzite;)

1 y 1

=P > (-1)eE® =P > (-1)@0),
evr

1,0 ,ZpEV X

where Q(x) is a quadratic form on V? defined by

QX) = Q((z1,...2p)) = D gqlmi+z;).

JEE(F)
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Let A be the 2k x 2k matrix such that g(x)=x'Az for z€ V. Note that g(z+y)=

zt Az + 2t Ay + yt Az + yt Ay, and therefore that (z,y) = 2t Ay + y*Az. Regarding

VP now as a 2kp-dimensional vector space over GF(2), the quadratic form Q has

matrix Y, E;;® A= M ® A, where by the tensor product M @ A we mean the
ijek

2kp x 2kp matrix which is a p x p array of 2k x 2k blocks, the 7 block being m;; A.

Since CtMC = N we have (CRTI{(M®A)(C®I)=N®A where [ is the 2kx 2k
identity matrix. As x takes all values in VP so does (C®I)x, and thus

. _ 1 Q(x) _ 1 xH(M®A)x
VTP =g 2 (D =5 3 (1)
xEVP xeVp

1 x? X
= o (e

Xevr

Now if x={21,...,zp) then

S T
x'(N® A)x = Z(m%i_lflmi + b Azgi_1) + Z o} Az
i=1 i=2s+1
S T
=Y (zai—nza)+ D alm).
i=1 i=2s+1
Therefore

B 1 Z(wzi—l,zzi)f Yo (=)
U(T 3 F) = P oY (k= =251

1€V IPEV

S

N Z (—1)(=9) LZ(—l)Q(’f) T Lzl .
V]2 14 Vi

z,ycV zeV zeV
-y
by the calculations immediately preceding the lemma. 1

It is very easy to calculate which graphs F' have matrices M(F) of low rank.

Lemma 11. The matrix M = M(F) defined in the previous lemma has rank 0 if

and only if F' is empty, and has rank 1 if and only if F is a complete graph of even
order together with isolated vertices.

Proof. Isolated vertices correspond to zero rows (and columns) of M(F) and so
can be ignored; let us assume then that M(F) has no zero rows or columns. If
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rank M =1 then the rows of M are identical. Since every column has a non-zero
entry it must therefore consist entirely of ones; thus all the entries of M are ones.
The row sums of M are even so M has an even number of columns. Hence the
{non-isolated) vertices of F span a complete graph of even order. [ |

We can now prove our main theorem.
Theorem 12. Every graph containing Ky is uncommon.

Proof. Let G be a graph. By Lemmas 9 and 10,

o(G) < 27O 37 (1) (Fpmhr(F) = 9l =e(G) 57 g, ok,

FCG 7>0

where g; is the number of subgraphs F'C G with even size satisfying 7(¥)=j. By
Lemma 11, go=1 and g1 counts the number of subgraphs of G which are complete
. with both even order and even size; that is, g; is the number of complete subgraphs
whose orders are divisible by four. Therefore, g1 >0 if and only if G > K4. But the

inequality (@) <21-¢G) ¥ gj(—Qk)j holds for all k>1, and clearly, if g1 >0 and
720
k is large enough, the sum is less than one. This proves the theorem. |

Remark. For the case G = K, it was shown in [15] that ¢(G) < 0.936 x 21-e(G) jf
p>6. This bound can be improved by doing the above calculations more precisely
for complete graphs G. Specifically, it is possible, by extending Lemma 11, to
calculate g1 and gy exactly (it is necessary to consider the congruence class of r
(mod 8)). Upper bounds on g; for j >3 can be estimated quite easily, and then

setting k= p the bound ¢(G) < 0.835 x 21~8(%) can be obtained. No better lower
bound than the trivial one given by Ramsey numbers is known in general, although

Giraud [6] showed that c(Ky)>0.695 x 21—€(G)

5. More than two colours

We conclude with some observations about multiplicities of monochromatic
subgraphs when s >3 colours are used to colour the edges of K. The equivalent
definition of “common” is that a graph G is s-common if the proportion of subgraphs
of K, isomorphic to G which are monochromatic is (asymptotically) the proportion
obtained when the colouring is random, the colour of each edge being chosen
uniformly from a set of s colours; the proportion obtained randomly is of course
s1~e(G),

First, let us note that, if Conjecture 1 is true, then any bipartite graph is s-
common for every s>2. This follows from a simple convexity argument as for the
case when s =2. We know of no non-bipartite graph which is s-common for any
s> 3. It would be interesting to know if there are any; in view of the next result
the case s=3 is the critical one.
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Theorem 13. If a graph is s-uncommon then it is (s+ 1)-uncommon.

Proof. Let G be s-uncommon, and take a sequence of colourings of K, which
demonstrate this fact. That is, the proportion of monochromatic labelled subgraphs

isomorphic to G in these colourings tends to s =% for some constant c< 1. In
each colouring, select at random 1/(s+1) of the edges and colour them with a new
colour. The number of monochromatic copies of G in this new colouring is therefore
asymptotically equal to

(G) o(G) e .
1-e(G) |G| {5 gy {1 - i >
S <s+1> o <s+1) (s + 1)) (Cs+1+s+1>’

showing that G is (s+ 1)-uncommon. |

We now show that every non-bipartite graph is s-uncommon if s is large
enough. The colourings we use to demonstrate this are all very straightforward,
involving partitioning the vertices into blocks such that all edges between two blocks
have the same colour.

Theorem 14. Let G be a non-bipartite graph. Then G is s-uncommon provided s
is large enough (specifically, provided 2252 ZSIGU.

Proof. Let s=k+1, and let {vy,...,v9x } be the vertex set of a complete graph of
order 2%, Tt is easy to verify that the edges of this graph can be k-coloured so that
each colour induces a bipartite subgraph. We now colour K, by partitioning the
vertex set into 2F sets V1,..., Vok, each of size LnQ—kJ or (nQ“k'l, and colouring all
edges between V; and V; the same colour as the edge vivg, 1<1<5 < 2k The edges
within each V; are coloured with the (k4 1)st colour.

Clearly the only monochromatic copies of G in this colouring are those with
the (k-+1)st colour, of which there are 25 (n/2%)IG!(140(1)). This quantity is less
than sl_e(G)n|G|(1 +0(1)) provided 28(1-1G) < s1~€(G)  Since e(G) < (t(23|) this
inequality will hold provided slCl <22k =925=2 45 claimed. |

Of course, for a particular G, more care can be taken with the caleulations in
the proof of Theorem 14, and indeed the colouring can be adapted slightly. Using
block colourings in this way it can be shown that all odd cycles are 3-uncommon
(see Jagger (8] for details). We do not know whether the 3-fan is 3-uncommon.

6. Summary

We have shown that, for any graph G containing Ky, there is a two-colouring of
K, containing fewer monochromatic copies of G than found in a random colouring,.
[t is conjectured that for bipartite graphs there are no colourings which do better
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than random colourings. The main question we leave unanswered is whether
the condition that G contains K4 can be strengthened to the condition that the
chromatic number of G is at least four. In particular, what happens when G is the
5-wheel?
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